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Abstract 

In the present paper geometric aspects of relationship between non- 
Noether symmetries and conservation laws in Hamiltonian systems is 
discussed. It is shown that integrals of motion associated with contin- 
uous non-Noether symmetry are in involution whenever generator of 
the symmetry satisfies certain Yang-Baxter equation. 
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In Hamiltonian systems time evolution of observables is governed by 
Hamilton's equation 

(i) 

here {, } is Poisson bracket denned by some bivector field W satisfying con- 
dition 

[W, W] = 0. (2) 

Namely 

{/, 9} = W{df A dg) = L w(f) g = -L w{g) f (3) 

where W(f) and W(g) are Hamiltonian vector fields associated with / and 
g functions and L is Lie derivative. Skew symmetry of bivector field W pro- 
vides skew symmetry of Poisson bracket, while (|2[) condition ensures Jacobi 
identity. We also assume that dynamical system is regular - bivector field 
has maximal rank (i. e. W n 7^ 0). 

Each vector field E defines continuous one-parameter group of transforma- 
tions g a = e aLE that acts on observables 

9a(f) = e aLE (f) = f + aL E f + l -a 2 L 2 E f + ... (4) 
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Such a group of transformation is a symmetry of ([I]) Hamilton's equation 
whenever its generator E commutes with evolution operator W(h) = {h, } i. 
e. 

[E,W(h)] = 0. (5) 

Symmetry is said to be Noether (or Cartan) if its generator is Hamiltonian 
vector field (such a vector fields preserve W) and non-Noether (non-Cartan) 
whenever generator is non-Hamiltonian (in other words [E, W] 7^ 0). Non- 
Noether symmetries give rise to a number of integrals of motion described in 
the following theorem Q (see also || | | |) 



Theorem: If the vector field E generates non-Noether symmetry, then the 
functions 

W l A W n ~ l 

y(l) = aw i = 12 ,... n (6) 

where W = [E, W] and n is half dimension of the phase space, are constant 
along solutions. 
Proof: By definition 

w l a w n ~ l = (7) 

now let us take Lie derivative of this expression along the vector field W(h). 

[W(h),W l A W n ~ l ] = ^-(Y^)W n + Y^[W(h), W n ] (8) 

or 

l[W(h),W] A W l ~ l A W n ~ l + (n - l)[W(h),W] A W l A W n ~ l ~ l = 

—(Y^)W n + nY^[W(h),W]AW n - 1 (9) 

but according to Liouville theorem Hamiltonian vector field preserves W i. 
c. 

[W(h),W] = (10) 

and result 

[W(h),W] = [W(h)[E, W]] = [W[W(h),E]] + [E[W, W(h)}} = (11) 
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since [W{h),E] = 0. So £V® = 0. 

Remark. Instead of conserved quantities Y^ 1 '...Y^ n > solutions c\...c n of the 
secular equation 

(W-cW) n = (12) 

could be associated with generator of symmetry. By expanding expression 
( |T2"D it is easy to verify that Y® integrals of motion can be expressed by 
means of C\...c n functions as follows 

v (i) _ (n-l)W. ^ 

So n integrals of motion are associated with each generator of non-Noether 
symmetry. According to Liouville-Arnold theorem Hamiltonian system is 
completely integrable if it possesses n functionally independent integrals of 
motion in involution (two functions / and g are said to be in involution if 
their Poisson bracket vanishes {/, g} = 0). Generally speaking conservation 
laws associated with symmetry might appear to be neither independent nor 
involutive. However they are in involution if generator of the symmetry 
satisfies Yang-Baxter type equation. Namely we have the following theorem. 
Theorem. If the vector field E satisfies condition 

[[E[E, W]]W] — (14) 

then the functions (Q) are in involution 

{y(*) ? y(0} = o (15) 

Proof: First of all let us note that identity (Q) satisfied by Poisson bivector 
field W is responsible for Liouville theorem 

[W, W]=0 <-> L w{f) W = [W(f), W}=0 (16) 

By taking Lie derivative of the (|2|) we obtain another useful identity 

L E [W, W] = [E[W, W}} = \[E, W]W] + [W[E, W]] =2[W,W] = (17) 
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This identity gives rise to the following relation 

[W,W]=0 <- [W(f),W] = -[W,W(f)} (18) 
an finally condition (|TJ|) ensures third identity 

[W,W] = Q (19) 
yielding Liouville theorem for W 

[W, W] = Q <-> [W(f), W]=0 (20) 

Indeed 

[W, W] = [[E, W]W] = [[W, E]W] = -[[E, W]W] = —[[E[E, W]]W] = 0(21) 



Now let us consider two different solution q ^ Cj of (|T2|) equation. By taking 
derivative of 

(W - Ci W) n = (22) 

equation along W(cj) and W(cj) vector fields and using Liouville theorem 
for W and W bivectors we obtain the following relations 

(W - Cl W) n -\L w(Cj) W - {cj, c t }W) = (23) 

and 

(W - Cl W) n -\ Ci L W{Cj) W + {c,, a}.W) = (24) 

where 

{q, Cj}. = W(dci A dcj) (25) 

is Poisson bracket calculated by means of W bivector field. Now multiplying 
( |23[ ) by q subtracting (PH) and using (|18D identity gives rise to 

({c hCj }. - c j {c i ,c j })(W-aW) n - 1 W = (26) 
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So either 



{cj, Cj}, - Cj{ci, Cj} = (27) 

or volume field (W — CiW) n ~ l W vanishes. In last case we can iterate (|23"l - f27| ) 
procedure yielding after n iterations W n = that according to our assump- 
tion (dynamical system is regular) is not true. As a result we have (p7|) and 
by simple exchange of indices i *->■ j we get 

{ci, Cj}. - Ci{ci, Cj} = (28) 



Finally by comparing fl27|) and fl28|) we obtain that Cj functions are in invo- 
lution with respect to both Poisson structures (since q 7^ Cj) 

{q, c,}. = {ci, Cj} = (29) 

and according to (|1^) the same is true for integrals of motion. 
Note. Each generator of non-Noether symmetry satisfying equation ( [14]) 
endows dynamical system with bi- Hamiltonian structure |T1 H @ 
- couple (W,W) of compatible {[W, W) = 0) Poisson ([W,W] = [W,W] = 
0) bivector fields and give rise to bicomplex structure -00 [(J couple 
(d=[W,],d= [W,]) of compatible (dd + dd = 0) differential (d 2 = d 2 = 0) 
operators on graded algebra of vector fields. 

Example: To illustrate correspondence between non-Noether symmetries 
and conservation laws let us consider simple example (other examples can be 
found in [Q]) of particle experiencing action of dissipating force. If friction 
depends linearly on velocity then time evolution in such a system is governed 
by Hamilton's equation (|I|) with 

n 

W = ^d Pt Ad qi (30) 

i=l 

and 

n 

h = ^2pi + qi (31) 



And evolution operator is 



* = Eft(0«-$J (32) 
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This simple Hamiltonian system possesses nontrivial symmetry - it is invari- 
ant under the following infinitesimal transformations 

qi -> q% + e(pi + qi) 2 (33) 

generated by 

n 

E = J2(Pi + <li)%i ( 34 ) 

vector field. Clearly E satisfies commutation relation (|5|) and Yang-Baxter 
equation ([14]). Corresponding conserved quantities 

Ci=Pi + qi (35) 

are in involution. 
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